The rate of viscous energy dissipation in a shear layer of incompressible Newtonian fluid with injection and suction is studied by means of exact solutions, nonlinear and linearized stability theory, and rigorous upper bounds. The injection and suction rates are maintained constant and equal and this leads to solutions with constant throughput. For strong enough suction, expressed in terms of the entry angle between the injection velocity and the boundaries, a steady laminar flow is nonlinearly stable for all Reynolds numbers. For a narrow range of small but nonzero angles, the laminar flow is linearly unstable at high Reynolds numbers. The upper bound on the energy dissipation rate-valid even for turbulent solutions of the Navier-Stokes equations-scales with viscosity in the same way as the laminar dissipation in the vanishing viscosity limit. For both the laminar and turbulent flows, the energy dissipation rate becomes independent of the viscosity for high Reynolds numbers. Hence the laminar energy dissipation rate and the largest possible turbulent energy dissipation rate for flows in this geometry differ by only a prefactor that depends only on the angle of entry.
I. INTRODUCTION
Fluid problems involving sources and sinks appear in many disciplines and applications ranging from biological to physical. By way of illustration we mention two well-studied physical examples. Suction is used as a device to reduce drag on an air foil 1 because it is believed that suction delays boundary layer separation and so reduces drag. The second example is accretion flow in astrophysics 2 in which matter in disks is sucked into black holes or onto other condensed objects, including stars in formation. This flow becomes turbulent and the resulting dissipation is important in determining the luminosities of the disks. Though in this work we shall be studying an example that is far from being astrophysically realistic, there is an aspect of the astrophysical models that relates to an interesting theoretical problem of turbulence.
In Kolmogorov's theory of homogenous isotropic turbulence, it is assumed that as the viscosity tends to zero, the dissipation rate becomes independent of viscosity. In other words, when measured in units of the typical velocity and length scales in the systems, the dissipation ͑per unit mass͒ goes like Re 0 where Re is a Reynolds number such as the one to be defined in the next section. In the same way, modeling of astrophysical disks leads to estimates on the dissipation rate that is likewise independent of molecular viscosity.
Naturally, there has been a considerable experimental effort aimed at testing the validity of such general conclusions but, in such experiments, the influence of walls is sometimes pervasive.
For many cases of turbulent shear flows between very smooth walls, the empirical friction law 3, 4 ͑a.k.a. the law of the wall͒ implies that the turbulent dissipation at large Renyolds numbers is like Re 0 /(log Re) 2 . 5, 6 On the other hand, when the walls are rough, the results are different as is shown, for example, by some recent experiments on Couette flow 7 with textured walls. In the latter experiments, at least, it appears that breaking up the boundary layer changes its role in determining the total dissipation and leads to a Kolmogorov type of scaling with finite, viscosity independent total dissipation.
While it is rather difficult to model the effects of roughness of the walls in a theoretical study, especially one that is analytic in large part, there is another way to modify the contribution of the boundary layer to the total dissipation. We may take a lesson from the drag reduction method and suck the boundary layer out to let the main body of the fluid assert itself more strongly. Accordingly, in this paper, we study the fluid dynamics of a simple flow with suction and compute its rate of dissipation. Indeed, we study this flow in various ways.
We use the energy stability method 8 which, as we shall explain, leads us into considerations of obtaining bounds on the dissipation rates in the flow considered. Thus, even though some of the quantities of interest in flows with suction cannot be computed in detail when the flows are turbulent, we may hope to obtain bounds on them by exact math-ematical analysis and these will be valid for turbulent flows as well as for any laminar ones, steady or unsteady.
The procedures for bounding such quantities as turbulent dissipation have developed considerably in recent years with much of the work in this subject proceeding along one of two similar looking approaches. Both of these start by splitting the flow fields into two components, a background field and a fluctuating field, with the main distinction being in the nature of the background fields and their roles in the extremizing procedures. One of the methods uses a mean field in the manner of the Reynolds decomposition 4 as the background field. It was first formulated by Malkus, 9 reformulated and carried out successfully by Howard, 10, 11 and applied widely and effectively by Busse. 12 The other approach adopts a device of Hopf 13 to let the background field play a more central role in the variational procedures. This method, developed by one of us with Constantin, 14 has ties to the energy stability theory 8 and it too has been applied to a number of fluid problems, in Refs. 15-20, for example. Kerswell 21 has elucidated a formal mathematical connection between these approaches.
Our interest here is in the specific fluid problem mentioned and we shall explain details of the procedures as needed in the course of their use. In Sec. II we formulate the problem to be studied, a plane Couette flow with suction on one wall and injection on the other. In Sec. III we apply various stability concepts, both linear and nonlinear, to the laminar solutions to determine when they are physically relevant and when turbulence is possible and/or likely. A rigorous implementation of those ideas via the ͑second͒ background field method is presented in Sec. IV where we derive explicit rigorous upper bounds on the energy dissipation rate as a function of the system parameters. In the concluding Sec. V we summarize and discuss these results in view of recent analysis and experiments for shear driven turbulence.
II. FORMULATION OF THE PROBLEM

A. Boundary conditions and equations
To investigate the influence of suction on shear flows, we consider a layer of an incompressible ͑unit density͒ Newtonian fluid with ͑constant͒ kinematic viscosity confined between parallel rigid planes separated by distance h. The bottom plate, at yϭ0, is stationary and the top one, at y ϭh, moves with speed U* in the x direction. In referring to top and bottom plates we establish the convention that the y direction is vertical, though there is no gravity in the problem. The third direction has coordinate z and the unit vectors are i, j, k. The velocity field is designated as u(x)ϭiu x ϩju y ϩku z .
In addition to the shearing motion imposed by the boundaries, there is a uniform injection of fluid into the layer with speed ͑flux͒ V* on the top plane. We seek solutions with constant throughput by imposing the same exit speed as fluid is removed uniformly on the bottom plane. ͑More generally, it would be of interest to let the rate of outflow vary with t, x, and z.͒ The conditions at the rigid boundaries are thus uϭϪjV* at yϭ0, ͑2.1͒ uϭiU*ϪjV* at yϭh, ͑2.2͒
as illustrated in Fig. 1 . The velocity field and the pressure field p(x,t) are governed by the Navier-Stokes equations
The incompressibility condition together with the boundary conditions leads to the supplementary boundary condition ‫ץ‬u y ‫ץ‬y ϭ0 at yϭ0, h.
͑2.5͒
In this work, we restrict our attention to periodic boundary conditions on all dependent variables in the horizontal directions with periods L x and L z . The horizontal area of one cell in the layer is AϭL x L z . In addition, we define the two control parameters of this problem, the Reynolds number Reϭ hU* ͑2.6͒
and the entry angle, , given by tanϭ V* U* .
͑2.7͒
We shall explore the stability characteristics and energy dissipation rates of various states in the ReϪ plane.
B. Energy dissipation
Our focus throughout this paper is on the rate of energy dissipation per unit mass as a function of , h, U*, and V*. We shall derive an upper bound on and compare it to the value associated with the laminar flow that we present in the next subsection. As we shall see, both the bound on and its laminar value are nonvanishing and independent of kinematic viscosity as Re→ϱ, and they are both finite and independent of viscosity in the limit of a semiinfinite fluid layer.
As the dissipation rate is a bulk property in the turbulent case, it is helpful in defining it to introduce the notation 
which is the so-called L 2 norm, and
the largest possible value of the long time average of f. The evolution equation for the kinetic energy in the fluid layer is
͑2.10͒
which follows from the Navier-Stokes equations with the help of the boundary conditions. The presence of a total derivative with respect to time instead of a partial derivative serves to emphasize that while the norm does depend on time it is a constant in space. The terms on the right hand side of this equation are, in order, the net flux of kinetic into the layer, the rate of work performed by the injection and suction processes, the power expended shearing the fluid layer, and finally, the power removed by viscous dissipation in the fluid. The instantaneous rate of viscous energy dissipation is thus identified as ٌ͉͉u͉͉ 2 . We concentrate on the largest possible value of the long time average of this last term, the viscous energy dissipation rate per unit mass ϭ hA ٌ͉͉͗u͉͉ 2 ͘.
͑2.11͒
For the semi-infinite layer (h→ϱ), we will consider instead the energy dissipation rate per unit area
͑2.12͒
C. Laminar solution
A simple exact steady solution of the problem is the laminar flow u l ϭU l (y)iϪV*j with
ϪRe tan .
͑2.13͒
For nonzero entry angles and values of Re not too small (Re tanӷ1) the flow has a boundary layer at the suction plane, yϭ0. There the velocity deviates from a nearly constant bulk flow only in a layer of thickness
͑2.14͒ Figure 2 shows streamlines for such laminar flows for several values of the injection angle, . When →0 (V*→0) the laminar solution reduces to plane Couette flow with u l ϭiU*y/h. This limit does not depend on the viscosity at all and retains its structure as →0. But for 0 and yϾ0, the vanishing viscosity limit is the constant flow field lim →0 u l ϭiU*ϪjV* ͑ 0 ͒.
͑2.15͒
This limiting velocity field has constant parallel flow in the bulk, is continuous at the injection boundary but is discontinuous at the suction boundary because u l (0)ϭ0 for all Ͼ0. The singularity is the result of ␦ l →0 as Re→ϱ for fixed 0 and h; in general the limits →0 and Re→ϱ do not commute as regards the velocity vector field. The energy dissipation rate in the laminar solution is
Not unexpectedly, this expression reduces to the energy dissipation rate in planar Couette flow as Re→0 or →0, namely
͑2.17͒
This dissipation rate vanishes as →0, while for 0, the discontinuity in the flow at the suction boundary results in a residual dissipation in the limit of small viscosity 
Dimensional analysis implies that is the cube of the velocity scale divided by a length scale in the system. This is the content of Eq. ͑2.18͒ with the prefactor depending on details of the geometry of the flow. We are familiar with scaling in which the energy dissipation remains finite and nonvanishing in the limit of high Reynolds number from Kolmogorov's theory of energy cascade in turbulence. This flow is an example of steady laminar flows in which the dissipation is finite in the zero viscosity limit because as the norm of the gradient goes up, the volume in which dissipation occurs goes down. One of the main aims of this paper is to compare the high Re energy dissipation rate to an upper limit on the energy dissipation rate valid for any solutions of the NavierStokes equations, including turbulent solutions. One case where the Reynolds number becomes large is for fixed velocities and viscosity as the layer thickness increases. The semi-infinite layer is not a very interesting limit for ϭ0 at fixed U* because the rate of strain in Couette flow vanishes, whereas, for 0, the laminar solution for a deep layer with suction on the boundary has the structure lim h→ϱ u l ϭiU*͑1Ϫe
Ϫy/␦ ͒ϪjV* ͑ 0 ͒.
͑2.19͒
The energy dissipation rate per unit horizontal area of the suction boundary is then
independent of viscosity.
D. A useful decomposition
A device that we shall use throughout this paper is to decompose the velocity field into a steady background flow and a time dependent field u͑x,t ͒ϭiU͑ y ͒ϪjV*ϩv͑ x,t ͒, ͑2.21͒
where the base horizontal flow profile U(y) is as yet arbitrary except that it satisfies the boundary conditions on u x . That is U͑0 ͒ϭ0 and U͑h ͒ϭU*.
͑2.22͒
The meaning of v will vary according to how we define U but in all cases it satisfies the homogeneous boundary conditions vϭ0 at yϭ0, ͑2.23͒ vϭ0 at yϭh, together with periodicity in the horizontal.
Leaving aside the specification of U for the present, we introduce the decomposition ͑2.21͒ into ͑3.1͒ and ͑3.2͒ to obtain
The evolution of the kinetic energy in the fluctuation field v is obtained by dotting v into Eq. ͑2.24͒ and integrating over the volume of a cell. Let
͑2.26͒
Then on performing some integrations by parts and invoking the boundary conditions we obtain
where UЈ is the derivative of U.
III. STABILITY AND INSTABILITY
The stability or instability of the steady laminar flow in ͑2.13͒ determines its realizability. Here we consider various aspects of the stability of our basic flow, both linear and nonlinear. From energy stability theory 8 we shall see that the laminar flow is absolutely stable for sufficiently low Reynolds number or sufficiently large injection angles. On the other hand, we shall find that the laminar flow is unstable at high Reynolds numbers for sufficiently small ͑but nonzero͒ injection angles, thus merging into plane Couette flow, which is not linearly unstable at any Reynolds number, though it is nonlinearly unstable at large Reynolds number.
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A. Energy stability
For the general study of stability theory we let the background flow be the laminar solution, that is U(y)ϭU l (y). Then the fluctuation equation ͑2.24͒ simplifies to
͑3.1͒
The evolution equation of the kinetic energy in the fluctuation can now be written as
where the functional
is a homogeneous quadratic form in v that for any basic flow, U l , associates a real number to each perturbation flow field. Equation ͑3.2͒, with ͑3.3͒, is known as the Reynolds-Orr energy equation. 23 Energy stability theory rests on the observation that if the base flow is such that H is a positive quadratic form, then the kinetic energy in the fluctuation decays exponentially in time as t→ϱ, uniformly in the initial condition. Positivity of H means that there is a number Ͼ0 such that
for any divergence-free vector field v(x) satisfying the fluctuation's boundary conditions. When ͑3.4͒ is fulfilled, the kinetic energy satisfies the differential inequality
͑3.5͒
According to Gronwall's inequality ͑see Appendix A͒ this implies that the root-mean square fluctuation decays monotonically and exponentially:
Ϫt .
͑3.6͒
The domain of the ϪRe plane in which H is nonnegative is bounded by a curve of marginal energy stability. The location of this curve in the plane is determined by the level set (,Re)ϭ0 where
the infimum being taken over divergence-free vector fields satisfying the fluctuation's homogeneous boundary conditions.
B. Absolute stability
Without actually solving the variational problem for the curve of marginal energy stability, we may derive rigorous bounds on its location in several ways by analyzing the quadratic form directly. First we note that for any vector field that vanishes at yϭ0 and yϭh, Poincare's inequality implies that ٌ͉͉v͉͉ 2 у ( 2 /h 2 ) ͉͉v͉͉ 2 . This is explained in Appendix A, as is the fact that for divergence-free vector fields this estimate may be improved to
where the value sϭ3.757••• is obtained from the lowest eigenvalue of the Stokes operator in a slab. Bounds on the indefinite term in H may be found by using various of the inequalities given in Appendix A, and we find
where we used the fact that
͑3.10͒
Combining these estimates we observe that 
where q is the Lagrange multiplier from the incompressibility constraint and v satisfies the homogeneous boundary conditions. The critical Reynolds number of energy stability is determined, for a given injection angle , by the smallest value of Re for which ϭ0. These equations permit single Fourier modes in the x and z directions. From the variational statement, it can be shown that down-stream rolls ‫ץ(‬ x ϭ0) are local extrema and numerical investigations confirm this. Such results may be obtained by using the numerical methods we shall describe in the following discussion of the linear problem. In that way, solutions were found for these equations. They determine the absolute stability boundary Re s () in the ϪRe plane shown in Fig. 3 .
C. Linear theory
To address the issue of instability, we consider the linearized flow equations for v(x,t)
For an e Ϫt e i(␣xϩ␤z) dependence on t,x and z for all the variables, the problem reduces to the following ordinary differential equations for functions v x (y),v y (y),v z (y), and p(z):
where differentiation with respect to y is denoted by D. Linear instability occurs in the ϪRe plane wherever the real part of an eigenvalue of for some horizontal wave vector i␣ϩk␤ is negative. The search for the boundary of this region, the condition of marginal stability, may be reduced to the equivalent two-dimensional stability problem with v z ϵ0 and ␤ϵ0 by ͑a version of͒ Squire's transformation. 23 For any eigenvalue, , of the threedimensional problem at given values of U*,V*,h, , and wave number i␣ϩk␤, there is a lower ͑absolute͒ value of U* with the same eigenvalue for the two-dimensional problem at another wave number i␣ . To see this, define
͑3.22͒
and ␣ ṽ x ϭ␣v x ϩ␤v z .
͑3.23͒
Hence the three-dimensional incompressibility condition in Eq. ͑3.21͒ becomes a two-dimensional incompressibility condition i␣ ṽ x ϩDv y ϭ0.
͑3.24͒
Then, adding together ␣ϫ ͑3.18͒ and ␤ϫ ͑3.20͒ and dividing by ␣ we observe that
Recalling Eq. ͑2.13͒, we see that Eqs. ͑3.24͒ and ͑3.25͒ together with the transformed equation
͑3.26͒
are the two-dimensional equations with the substitution
͑3.27͒
Thus, on taking ␤ϭ0ϭv z in ͑3.18͒-͑3.21͒, we can eliminate v x and p to produce a fourth order OrrSommerfeld-type equation for the normal velocity v y
͑3.28͒
where
and with boundary conditions v y ϭ0ϭDv y ͓because of ͑3.24͔͒ at the walls. A standard Chebyshev collocation technique in y was employed to produce a matrix generalized eigenvalue problem for which was then solved numerically. The numerically determined linear instability boundary Re u () is also shown in Fig. 3 . The laminar flow is unstable if the Reynolds number is high enough and the injection angle is small enough. The linearized instability boundary in the ϪRe plane has a vertical asymptote that agrees with the analysis of Hocking 24 for the semi-infinite layer. This correspondence serves as a check on the computation.
The laminar flow is linearly unstable at high Reynolds number for angles 0ϽϽ c ϭtan Ϫ1 (1/54 370)Ϸ0.001°. The gaps in both angle and Reynolds number between the boundaries of absolute stability and linear instability, are consistent with Hocking's conclusion that the bifurcation in the semi-infinite layer at c is subcritical.
IV. BOUNDS ON ENERGY DISSIPATION
Let us first sketch an intuitive derivation of the kind of result to be anticipated. At high Reynolds numbers, we expect the dissipation to be dominated by the shear in a thin laminar sublayer. Let the Reynolds number of this boundary layer be Re ␦ ϭU*␦/ and suppose that it takes on a constant value, r, so that ␦ϭrh/Re. If the dissipation takes place in the approximate volume A␦ϭ(␦/h)(Ah), we can estimate that the mean dissipation rate is
Modulo the geometric prefactor, this is the same as the energy dissipation in the laminar solution. As an estimate for r we may use the value of Re for marginal energy stability in the spirit of the proposal of Malkus 25 to use the value for marginal linear stability.
A. Upper bounds
Now we turn to the derivation of upper bounds on the long-time averaged energy dissipation rate for any solution of the Navier-Stokes equations. We recall the decomposition of the velocity field described in Sec. II D but this time the background field is not specified in advance, as in stability theory, for instance. Instead, it is the method itself that leads to a determination of U(y). In this, we are helped by the identity
which follows directly from the decomposition ͑2.21͒. As before, v satisfies the homogeneous conditions ͑2.23͒ and it varies according to ͑2.24͒ and ͑2.25͒. The evolution of the kinetic energy in the fluctuations is again ͑2.27͒. We add Eqs. ͑2.27͒ and ͑4.2͒, multiply through by 2 and rearrange slightly, to obtain
͑4.3͒
In this formula the last term is linear in v, which is not desirable in the procedure. We may remove it by the transformation
where wϭiw x ϩjw y ϩkw z satisfies the fluctuation's homogenous boundary conditions. This substitution gives
͑4.5͒
Then, on integration by parts of the middle term on the right, we see that it will cancel the unwanted last term in ͑4.3͒ if
that is, if we choose
With the introduction of w into ͑4.3͒, we obtain
In effect, we have just completed the square in the integral in last term on the right hand side of Eq. ͑4.3͒. I is the same functional as H of stability theory, with replaced by /2 and UЈ instead of U l Ј .
Here is the essence of the bounding procedure: if the background profile may be chosen so that I is a non-negative quadratic form for divergence free vector fields satisfying the fluctuations' boundary conditions-as does the field w defined in Eqs. ͑4.4͒ and ͑4.7͒-then the I term in Eq. ͑4.8͒ may be dropped at the expense of the equality sign. That is
The right-hand side of ͑4.10͒ does not depend on time and the time average of this equation is 1 Ah
͑4.11͒
The first term on the left-hand side is manifestly nonnegative and so may be dropped respecting the inequality, and the last term on the right-hand side vanishes as T→ϱ ͑since we assume finite initial kinetic energy͒. Hence, taking the long time limit, we deduce that
This is an upper bound on in terms of the background flow profile. In order to express as an explicit function of the system parameters U*,V*, and h, we need to construct a background flow profile U(y) satisfying the constraint that I is non-negative. Since the quadratic form I is, apart from the change of into /2, the same as the quadratic form of energy stability theory in Eq. ͑3.3͒, the constraint that I be non-negative is equivalent to the condition that U(y) be marginally energy stable at viscosity /2, as if it were a steady solution. Hence, if U(y) were a steady, marginally energy stable profile for viscosity /2, it would lead to an upper bound on the largest possible energy dissipation rates according to the formula in Eq. ͑4.12͒, even for fully turbulent solutions of the NavierStokes equations.
On examining Eq. ͑4.11͒, we observe that I would be positive if UЈ(y) were to vanish, that is, if U(y) was a constant across the layer. But that would be inconsistent with the requirement that the background profile satisfy the physical boundary conditions, U(0)ϭ0 and U(h)ϭU*. However, a choice where U(y) is constant over most of the gap and varies only near the boundaries may work. This is because w x and w y must vanish at the boundaries so that the only way the product UЈ(y)w x w y can be large in magnitude is if ٌ͉w͉ 2 is also large. This leads to a successful strategy: Choose a background profile with a piecewise constant slope of the form
͑4.13͒
with an adjustable boundary layer thickness ␦, as illustrated in Fig. 4 .
To show that a small enough choice of ␦ ensures the non-negativity of I we may apply the analysis described in Appendix B to prove that ͑4.15͒, we find
͑4.16͒
This explicit upper bound on the energy dissipation rate is valid for any solution of the Navier-Stokes equations with these boundary conditions. In terms of the velocity scale U* and the injection angle , the upper bound is 
͑4.18͒
Note also that the upper bound on the energy dissipation rate per unit horizontal area of the suction boundary, B ϵlim h→ϱ (h B ) is finite in the limit of a semi-infinite fluid layer.
B. Lower bounds
We may also derive a lower limit to the energy dissipation as a function of the system parameters. However, the best rigorous estimate we can produce at this stage is well below the exact laminar dissipation rate, or indeed any estimates or bounds on the turbulent dissipation rate in the presence of suction at high Reynolds numbers. This issue raises questions with regard to lower bounds that center on the difficulty of imposing the Navier-Stokes equations as a constraint on the variational fields, as opposed to simpler functional constraints. For parameter values where the laminar solution is absolutely stable, it is clear that its dissipation rate represents the absolute minimum long time averaged dissipation rate among solutions of the Navier-Stokes equations. So the interesting parameter regime to study is that in which the exact laminar solution is not absolutely stable, that is, small and large Re.
Consider first the dissipation functional ٌ͉͉ũ͉͉ 2 minimized over all divergence free vector fields-regardless of whether or not they are solutions of the Navier-Stokes equations-satisfying incompressibility and the boundary conditions. The Euler-Lagrange equations for this variational problem are just the steady Stokes equations with solution u Stokes ϭiU* y h ϪjV*.
͑4.19͒
Then it is easy to see that this solution realizes the global minimum of ٌ͉͉ũ͉͉ 2 . Indeed, let v be the difference between an arbitrary vector field u and the steady Stokes flow so that u(x)ϭiU* (y/h) ϪjV*ϩv(x). Then use the homogeneous boundary conditions on v to find
͑4.20͒
This expression shows explicitly that the dissipation rate in the Stokes flow is an absolute minimum to the dissipation rate for any flow. That is,
͑4.21͒
Note that this Stokes lower bound is independent of the injection angle ͑independent of V*) and vanishes in the limit of zero viscosity. The exact laminar solution matches this dissipation only for ϭ0 or in the Re→0 limit. The drawback of this lower bound is that Stokes flow is not a solution of the Navier-Stokes equation for nonvanishing and Re, so it is not realized by solutions, laminar or turbulent, of the Navier-Stokes equations.
We may investigate the minimization of ٌ͉͉ũ͉͉ 2 over solutions of the Navier-Stokes equations by imposing those equations as constraints in a variational analysis. To illustrate the challenges that this endeavor presents, we consider just the stationary Navier-Stokes equations. Let us write the arbitrary solution of the steady Navier-Stokes equations as the steady laminar solution plus a variation
where v is divergence free, satisfies homogeneous boundary conditions, and satisfies the transformed Navier-Stokes equations
͑4.23͒
We denote the Lagrange multiplier enforcing the divergence free constraint by Ϫ2q(x), and the Lagrange multiplier enforcing the Navier-Stokes equations by the divergence free field 2w(x) satisfying homogeneous boundary conditions. Then the functional to be minimized is the excess dissipation
͑4.24͒
The Euler-Lagrange equations are the constraints 0 ϭ ␦F/␦q and 0ϭ ␦F/␦w together with
The steady laminar solution is an extremum of the dissipation functional if vϵ0 solves these Euler-Lagrange equations. This does indeed solve the Euler-Lagrange equations when we choose the Lagrange multipliers according to w(x)ϭiW(y) and q(x)ϭq(y) with
͑4.26͒
and qЈ͑ y ͒ϭϪU l Ј ͑ y ͒W͑ y ͒.
͑4.27͒
The solution for W is
and q(y) follows by direct integration. Hence u l is a critical point of the dissipation; it is a local minimum, a local maximum, or a saddle point. With these choices for the Lagrange multipliers, the excess dissipation functional becomes
This functional is similar in structure to the quadratic form of energy stability theory. In fact the coefficient of the indefinite term, proportional to WЈ(y), has a similar boundary layer structure for small ␦ l , now with boundary layers at both the injection and the suction boundaries. When the range of F, defined on the restricted domain of v satisfying the transformed Navier-Stokes equations, is the set of nonnegative real numbers, then u l is indeed the absolute minimum dissipation solution of the ͑steady͒ Navier-Stokes equations. But it is difficult to check the signature of F on that restricted functional domain. On the other hand it is straightforward to study F defined on the broader field of divergence-free v satisfying homogeneous boundary conditions, as in the context of energy stability theory. If F is a non-negative quadratic form on this extended domain then we may conclude that u l is the absolute minimum dissipa-tion solution. However, an analysis like that for energy stability informs us only that F is non-negative for sufficiently small Reynolds number or sufficiently steep injection angles.
That is, the analysis on the extended functional domain remains silent precisely in the dynamically interesting portion of the ϪRe plane where u l is not absolutely stable. This difficulty cannot be avoided by enlarging consideration to solutions of the time-dependent Navier-Stokes equa- tions, u(x,t)ϭu l (x)ϩv(x,t) . In that situation we introduce time-dependent Lagrange multipliers and an additional time integration. Presuming that we may neglect boundary terms from the time integrals, the variational problem is again solved by vϵ0 and the same time independent Lagrange multiplier fields. The nature of the critical point still remains in question in the dynamically interesting region of the ϪRe plane.
It seems reasonable to expect that u l is the minimum dissipation solution of the Navier-Stokes equations. We are unable to prove this conjecture with the mathematical technology at hand, but we may offer some more precise physical reasoning to that effect. Assuming that time averages 
͑4.31͒
where bot and top refer to the planes at zϭ0 and zϭh, and is the wall shear stress felt by the plates. Specifically, top is the force per unit area in the Ϫi exerted by the fluid on the top plate, and bot is the force per unit area in the ϩi direction felt by the bottom plate. Combined with the time averaged energy balance from Eq. ͑2.10͒, we see that for any statistically stationary flow
The first term on the right-hand side above is the net flux of kinetic energy into the system; the injection-suction boundary conditions input more kinetic energy than they extract. The second term on the right hand side is the power expended by the agent enforcing the slip boundary condition on the top; it is the work done by the top plate sliding on the fluid. Note that the first term from the kinetic energy flux is precisely the high Reynolds number limit of the dissipation in the exact steady laminar solution. Hence the only way that a turbulent energy dissipation rate could be less than the high Reynolds number limit of the laminar solution is if top Ͻ0.
That would mean that, on average, the turbulent flow was conspiring to push the top plate along, rather than provide any resistance to the shearing motion. This observation provides some more motivation for the study of this lower bound problem. We shall not pursue the issue further here, leaving open the question of the minimum dissipation among solutions, steady, unsteady or turbulent, of the NavierStokes equations with shear, injection and suction boundary conditions.
V. SUMMARY AND DISCUSSION
Suction is generally regarded as a stabilizing influence on flows as measured by the standards of parallel flows with similar looking boundary layer profiles. 23 But in the linear version of our problem we see a minor exception to this general rule. Plane Couette flow, which may be thought of as the limit of the suction flow for zero suction velocity, that is, →0, is linearly stable. However, in the ϪRe plane ͑repro-duced in Fig. 5 for the purposes of this discussion͒, we found that the marginal curve for linear instability has a minimum at the large but finite value ReϷ700 000. As the entry angle tends to zero, the curve of marginal stability turns upward and reaches Reϭϱ at ϭ0 in agreement with standard results for plane Couette flow. The critical Reynolds number also grows large as increases from the minimum point, in keeping with earlier stability studies for the semi-infinite layer 23, 24 for which the stability criterion is measured in terms of Re ␦ ϵU*␦ l /ϭtan . We may regard this band of unstable input angles as a linear instability inflicted on Couette flow by suction.
As to the nonlinear theory, we found that the flow is absolutely stable for Re less than a value close to 82 and for greater than about 3°. This defines the narrow, semiinfinite strip in the ϪRe plane seen in Fig. 5 . In the relatively small region of the strip above the parabolic-looking curve in the upper left hand corner of Fig. 5 , we find linear instability. The question raised then is: in how much of the rest of this strip is the flow actually nonlinearly unstable? At ϭ0, nonlinear instability comes in at a Reynolds number ͑as measured here͒ of about 4000. 22 We may expect that the onset of nonlinear instability occurs as one crosses upward through a curve in the ϪRe plane extending from the ͑non-linear͒ marginal result for ϭ0. It is natural to imagine that this curve would go upward as is increased from zero in agreement with the usual notion that suction is stabilizing. Above this conjectured curve of nonlinear stability sketched as the discrete points in Fig. 5 -the precise location of which remains to be computed-we expect to find nonlinear solutions that are the extension of the nonlinear instability of Couette flow.
The results on the bounds on dissipation also raise some intriguing issues. It is helpful to express the results in terms of the dimensionless dissipation factor ␤͑Re,͒ϵϫ h U* 3 .
͑5.1͒
The bound on derived in Sec. IV corresponds to the rigorous upper limit
͑5.2͒
effective in regions of the ϪRe plane where the steady laminar solution is not absolutely stable. This bound allows for the residual dissipation in the vanishing viscosity limit in the sense that ␤ l →constantϾ0 as Re→ϱ. In Fig. 6 , the bound is plotted as a function of the Reynolds numbers for several small values of the injection angle. The dissipation factor bound in ͑5.2͒ is so insensitive to as →0 that the points are not separated by more than the size of a dot.
In the →0 limit of planar Couette flow boundary conditions, the dissipation factor bound in ͑5.2͒ is ␤ B (Re,0) Ϸ0.354, a much cruder bound than may be obtained by more delicate variational estimates. The best bound known to date for turbulent planar Couette flow is the result of an optimization procedure whose high Re asymptotic value is 26 ␤ B ͑ Re,0͒Ϸ0.011, ͑5.3͒ also indicated in Fig. 6 . Without doubt there is room for quantitative improvement in the bound in ͑5.2͒, and it remains to be seen how an optimized bound will depend on . It is not unlikely, however, that the ϭ0 bound in ͑5.3͒ is accurate for very small angles and high Re where the bounds are relevant.
As we mentioned at the outset, existing ͑smooth-wall͒ data for shear-driven turbulence in the absence of suction are reasonably well fit by Prandtl's logarithmic law of the wall for which 6 ␤ PK Ϸ0.04ϫ 1
as Re→ϱ.
͑5.4͒
This empirical relation is indicated in Fig. 6 , too. In the absence of suction, the upper bound analysis apparently yields the correct leading order scaling (␤ϳRe 0 ) while failing to produce the logarithmic corrections.
Planar Couette flow with dissipation factor
realizes the absolute lower bound for the energy dissipation in the absence of suction. This dissipation factor also minimizes the dissipation functional over all divergence free vector fields satisfying the physical boundary conditions, as we found in Sec. IV B. This rigorous lower bound is the lower envelope of the curves in Fig. 5 , a full factor of Re below the upper bound at high Re. The dissipation factor for the steady laminar solution of the Navier-Stokes equations is
This is plotted for several injection angles in Fig. 6 . It converges to the lower bound Re Ϫ1 as Re→0 or →0 and, in contrast to the behavior in the absence of suction, it has a residual dissipation in the limit Re→ϱ when 0 ␤ l ͑ Re, ͒ϳ tan 2 ӷ 1 Re as Re→ϱ.
͑5.7͒
While the steady laminar flow remains an exact solution of the Navier-Stokes equations and hence provides a lower limit to any mathematically rigorous upper bound on the dissipation factor, we stress that it is not known to be an absolute lower bound on the dissipation among solutions of the Navier-Stokes equations for small injection angles and high Reynolds numbers. ͑5.4͒ to experimental data. The solid lines ͑-͒ are, from top to bottom, the dissipation factor in Eq. ͑5.6͒ for injection angles ϭ1°,0.1°,0.01°, and 0.001°. The lower envelope to the curves is the dissipation factor for plane Couette flow, the only rigorous lower bound available for the dissipation factor for arbitrary injection angles.
These results and observations may have interesting implications for the mathematical analysis of solutions of the Navier-Stokes equations. This system represents, as far as we can ascertain, a first example with flux across its boundaries in which a finite constant residual dissipation is evident in the upper bound analysis. Heretofore, the best estimate for the high Reynolds number friction factor in the presence of flux at the boundaries was Hopf's original ͑and very general͒ bound, ␤ϽO(e Re ), which is not of much use practically. The upper bounds derived in this paper establish that a finite asymptotic residual dissipation bound is possible in the presence of flux. However, because of the simplicity of the geometry in this case, it remains unclear whether more general finite residual dissipation bounds, like those Wang 27 recently obtained for shearing boundaries in the high Reynolds number limit, can be derived when there is a normal component to the velocity at the boundaries.
More than this, for any angle 0, the dissipation factor for the steady laminar solution undercuts the high Re extrapolation of ␤ PK associated with the logarithmic friction law. We cannot generally rule out the possible existence of ͑turbulent͒ flows with lower dissipation factors than ␤ l , so we cannot rule out the possibility of corrections like those in ␤ PK . We may, though, confidently exclude the possibility of rigorously proving the existence of such corrections in the asymptotic Re→ϱ limit because the result for the exact laminar flow is sufficient to establish the precise nature of the strict ␤ϳRe 0 scaling in any upper bound. However, it seems unlikely that the energy dissipation rate in a high Reynolds number turbulent flow would be smaller than that in a steady laminar flow. This suggests that corrections to the high Reynolds number scaling such as the logarithmic friction law are in a very real sense delicate modifications of Kolmogorov type scaling with a nonvanishing but finite residual dissipation. An arbitrarily small perturbation of the boundary condition in the form of a small amount of suction appears sufficient to destroy the logarithmic corrections in the high Reynolds number limit. This latter observation is not altogether surprising as it is known that turbulent shear flow over a rough boundary produces such simple scaling. 5 In the case of pipe flow, the turbulent dissipation factor depends on the degree of boundary roughness much as the dissipation factor depends on the injection angle for the problem studied in this paper. The sensitivity of such ͑logarithmic͒ corrections to perturbations in the boundary conditions is also illustrated in the recent experiments of Cadot et al. 7 where an array of bumps on the walls in a turbulent Couette flow experiment resulted in a constant dissipation factor quite close to that in ͑5.3͒. There have been Taylor-Couette experiments with suction, 28 but it remains to be seen whether high Reynolds number sheardriven turbulence experiments with suction can be performed in order to investigate these issues further. And there have been direct numerical simulations of channel flow with injection and suction at the walls, 29 but the systematic computational study of turbulent energy dissipation a simple shear layer with injection and suction remains. These kinds of high Reynolds number problems are of interest for laminar flows as well. 30 Finally, from the point of view of astrophysical applications, the results reported here seem intriguing. The striking effects that suction has on the stability of shear flows imply that there will be strong interactions between the inflows in accretion disks and the shear. These could cause intermittency in the turbulence whose dissipation is thought to produce the luminosities of the disks. There may be here a partial explanation of the marked time dependence of these luminosities. To investigate such possibilities, we need to allow more general exit conditions since there is the implication that the throughput will become variable. Though the present study is still far from including astrophysically realistic conditions, the results uncovered suggest interesting possibilities for such applications.
